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Abstract——Linear thermoelastic problems are solved for the thermal stress and displacement fields in an elastic
solid of infinite extent weakened by a plane of discontinuity or crack occupying the space outside of a circular
region. The faces of the crack are heated by maintaining them at certain temperature and/or by some prescribed
heat flux the distributions of which are such that their magnitudes diminish at infinity. Special emphasis is given
to the case when the circular region surrounded by the external crack is insulated from heat flow. The solution to
this thermal stress problem may be combined with that of applying appropriate tractions to the crack faces,
thus providing the necessary ingredients for extending the Dugdale hypothesis to thermally-stressed bodies
containing cracks. More specifically, the results of the analysis permit an estimate of the plastic zone size and
the plastic energy dissipation for an external circular crack. Information of this kind contributes to the under-
standing of the mechanics of fracture initiation in ductile materials.

INTRODUCTION

Previous efforts on steady-state thermoelastic problems have been focused mainly on
problems dealing with bars, plates and cylinders. A complete account of these developments
is clearly beyond the scope of this article. On the other hand, systematic study of the effect
of plane cracks on thermal stresses set up in an elastic solid has a quite recent history
started in the past few years.

Beginning with the work of Olesiak and Sneddon [1], the method of dual integral
equations in the Hankel transforms was used to determine the distribution of temperature
and stress in a solid containing a penny-shaped crack across whose surfaces there is a
prescribed flux of heat. By having the same thermal conditions on the upper and lower
faces of the crack, the problem was reduced to one of specifying certain mixed boundary
conditions on a semi-infinite solid. The case of heat supplied antisymmetrically with respect
to the crack plane was treated by Florence and Goodier [2]. Using potential function theory,
Kassir and Sih [3] presented explicit solutions to a class of three-dimensional thermal stress
problems with an elliptical crack whose faces are thermally disturbed by both symmetric
and antisymmetric temperatures and/or temperature gradients. Their results include those
in [1, 2] as limiting cases. Further, Kassir and Sih [3] showed that for any small region
around the outer boundary of an elliptically-shaped crack the thermal stresses and dis-
placements correspond to a situation which is locally one of plane strain as derived earlier
by Sih [4] using the equations of two-dimensional thermoelasticity.

* The research work presented in this paper was obtained in the course of an investigation conducted under
Grant NGR-39-007-025 with the National Aeronautics and Space Administration.
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This investigation presents an analysis of the steady-state axisymmetric thermoelastic
problem concerning two semi-infinite solids joined over a circular region. The unconnected
portion of the solids may be regarded as an external penny-shaped crack. Thermal boundary
conditions are standard in that the temperature or heat flux must be known at the surfaces of
the crack in such a way that the temperature distribution in the solid is determined uniquely.
With this temperature distribution known, introduction of a thermoelastic potential
reduces the problem to one in axisymmetric isothermal elasticity with body forces.

The circular region connecting the two semi-infinite solids is assumed to be insulated*
from heat flow, while the crack surface is heated by temperature T(r) that may vary as a
function of the radial distance r from the center of the circular region of unit radius. Two
special cases are considered in detail. In the first case, T{r) is a constant prescribed over an
annular region surrounding the circle r = 1. In the second case, it is assumed that the
function T{r) varies according to r ", where n > 1. The problem in which the crack surface
is heated by some flux of heat may be solved in the same fashion.

Another objective of this work is to calculate the stress—intensity factors [5] the critical
values of which control the onset of crack propagation in brittle materials. For ductile
materials, the Dugdale hypothesis [6] may be adopted by assuming that the plastic zone
developed at the crack border can be approximated by a very thin layer in the form of a
ring. An estimate of the plastic energy dissipation of the crack can also be obtained from the
results presented in this paper.

AXISYMMETRIC EQUATIONS OF THERMOELASTICITY

Let an external penny-shaped crack be situated in the plane z = 0 and be opened
out by the application of heat to its surfaces such that the deformation is symmetrical
about the z-axis. Referring to cylindrical coordinates (r, 6, z), the stress components are
independent of the angle 0, and all derivatives with respect to 6 vanish. The components
of the displacement vector u for axially symmetrical deformation are (u, 0, w), and the non-
vanishing components of the stress tensor ¢ will be denoted by a,, a4, 0, and 1,..

If the heat flux vector does not depend on the components of strain, then the displace-
ment equations of equilibrium become

Pu 10 u 8? oT

21— -2 4 2v}_“ = 2(1 + o,
art ror or (1)
3w 10 0T

(=20 =S ) 1 »)-——+ L) P VRR LY
o ror r Iz

and can be solved independently from the equation of steady-state heat conduction
V2T(r,z) = 0. 2

Here, T is the temperature increase referred to some reference state and V2 stands for
0? +l o &
PR ma

* No additional difficulties are encountered if heat is allowed to flow through the circular region. Alterations
in the thermal boundary conditions are discussed in the Appendix.
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In equations (1), a is the coefficient of linear expansion and v is Poisson’s ratio of the
material.

When both the mechanical and thermal properties of the solid are assumed to be iso-
tropic and homogeneous, the stress components may be obtained from the displacement
components by means of the Duhamel-Neumann law, which in dyadic notation takes the
form

=u{Vu+uV+1_220[vV.u—(1+v)aT]I}, (3)
in which y is the shear modulus, I the unit dyad and V the usual del operator.

Kassir and Sih [3]* have shown that the solution of equations (1) may be represented in
terms of certain harmonic functions for problems involving surfaces of discontinuities or
plane cracks. Suppose that the displacements and stresses induced by T are of the sym-
metric pattern, then

u,0,,0g,0;; even in z
“

W, T, ; oddin z

Adopting equations (12) in [3] to the axisymmetric problem under consideration, the
displacements u and w can be expressed in terms of two harmonic functions f(r, z)and Q(r, z);

u=(1——2)—+fooaQ

F
w= —2(1—v)—f-i—za
0z

(5)

E’
where
of
F=Q+—
+ oz’
and

Vif(r,z) =0, V2Q(r,z) = 0.

The thermoelastic potential Q(r, z) can be determined from the temperature field as

aQ  1{1+v

pe 2( - )aT(r z), 6)
and can be associated with the Boussinesq logarithmic potential for a disk whose boundary
conforms to that of a crack. At infinity, although the potential Q(r, z) is permitted to become
unbounded, the regularity condition of the displacement vector requires €(r, z) to have
bounded derivatives of all orders with respect to r and z. The limits of integration appear-
ing in the first of equations (5) were chosen to ensure the boundness of u as z — o0.

* The harmonic-function representation in [3] was developed originally for solving non-axially symmetric
problems of plane cracks.
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Now, substituting equations (5) into (3) yield the following expressions for the stresses:

56;:=(1— 62{ 2\aif+ z é:;—?d —2669 %22,
ot
;L; Zgrzaz T = o = 0

Considerations of the evenness and oddness of the displacements and stresses as stated
in equations (4) together with the prescribed thermal conditions on the crack surfaces
reduce the crack problem to one of an elastic half-space with mixed boundary conditions
on the plane z = 0. In view of symmetry, the plane z = 0 must be free from the shearing
stress 7,, and w(r, 0) must vanish inside the circular region r < 1. Without loss in generality,
the crack surfaces may be assumed to be free from mechanical loads, i.e. 0, = O for r > 1
and z = 0%. The case when the external penny-shaped crack is subjected to surface tractions
has already been treated by Lowengrub and Sneddon [7],* and will not be repeated here.
Thus, the requisite thermal and elastic boundary conditions on the plane z = 0 are taken
to be

E:O’ 0<r«i,

T = Ti(r), r>1, 8)
and

w =0, 0<r<l

. =0, r>1 9)

7, = 0, O0<r<wx

It should be mentioned that the antisymmetric problem in which

u,0,,064,0.; odd in z

even in z (10)

W, T,z
may also be formulated by following the procedure of Kassir and Sih [3]. Hence, the two
problems, one symmetric and the other antisymmetric, may be superimposed to yield the
solution to problems of the infinite solid with any thermal conditions specified on the

external penny-shaped crack.

* In what follows, their solution (7] will be added onto that obtained in this paper for computing the size of
the plastic zone at the crack boundary.



Thermal stresses in a solid weakened by an external circular crack 355

STEADY-STATE TEMPERATURE DISTRIBUTION

For a semi-infinite solid z > 0 that is free from disturbance at infinity, the appropriate
solution of equation (2) is [1]

T(r,z) = on A(s)e ™5 Jo(rs) ds, z20 (11)

0

In equation (11), J, is the zero order Bessel function of the first kind and A(s) is a function
of the parameter s to be determined from the thermal boundary conditions in equations (8)
with T(r) = T,g(r), where Ty is a constant. The function g(r) is to be bounded at infinity and

the integral
[ anan

1

is to be absolutely convergent.
With the help of equation (11), the conditions in equation (8) lead to the dual integral
equations

f sA(s)J o(rs)ds = 0, 0<r<i
0

Jw A(s) o(rs) ds = Tpg(r), r>1
0

which determine the only unknown A(s). The solution of these equations has been given
by many previous authors* and can be found in the open literature :

25\t > d [ rg(r)dr
S o i 3 el
Als) To(n) L tJ%(st)dt|:dt t \/(rz_[,_)]. (13)
Upon defining the function -
2 ® d
o0 =1, [ (149
equation (13) becomes
A(s) = — fw sin(st)¢'(t) dt, (15)
1

where ¢'(t) = d¢/dt. equation (15) may be inserted into equation (11) to give the tempera-
ture distribution throughout the solid. However, for the purpose of setting up the mechani-
cal boundary conditions in the subsequent work, it suffices to compute the temperature on
the plane z = 0. It may be shown that

I ¢'(r)de
T(r,o) = fmax(l.,) \/(tz_rz), (16)

* See for example [8].
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in which ¢'(f) can be calculated from equation (14) once g(r) is given. Two examples of
interest will be cited.

(1) Consider the problem of heating up the faces of an external circular crack over a
ring whose inner and outer radii are unity and a, respectively. In this case, g(r) takes the

form
1, >
g(r):H(a—r):{ IS (17)
0, a<r
where H(r) represents the Heaviside step function. A straightforward calculation gives

2

o(r) = ;To\/(az—tz)H(a—t), t<a

and hence T(r,0) may be found from equation (16). The result is
2 “ tdt

T =T,

(r, 0) - OJ‘1 \/[(az_IZ)(IZ_rZ)]

and the condition T(r,0) = Ty for r > 1 is obviously satisfied.
(2) If the temperature variation on the crack faces is such that

2 [a 1)
:—Tosm"’(gz———i), 0o<r<1 (i8)
T a“—r

h

glry=r"", n>1, r>1 (19)
then equation (14) yields
To T(n/2-3), .
)= ————"¢ n 1

where I'(n) is the Gamma function. Putting ¢(z) into equation (16) and carrying out the
integration, T(r,0) is obtained:

Ton—DI'm/2-3) _, [n1
F Brz s

T(n/2)2/n 2°2
Note that B,(m, n) is the incomplete Beta function defined by

T(r, 0) = ) 0<r<1; n>l (20)

B.(m,n) = f ym (1 -yt dy, Re[m] > 0; Re[n] > 0.
0

The complete Beta function B(m,n) may be related to the Gamma functions as

1 T(m)[(n)

B(m, n) = J;) y 1=y idy = Tm+n)

When n = 2, 3, etc,, the incomplete Beta function in equation (20) reduces to elementary
functions:

(@) n=2
TO 2\4
T(r,0)=7[1—(1~r)2], 0<r«l
(b) n=3.

2Ty . )
T(r, 0) = ?rg[sm“lr~r(1—r2)2], 0<r<l.
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Similar expressions of T{r, 0) for other values of n may also be deduced, but they will not be
considered here. For r > 1, the prescribed temperature distribution of T(r,0) = Tyr ™" can
be easily recovered from equation (16).

Temperature distributions corresponding to other types of thermal boundary conditions
are worked out in the Appendix.

THERMAL STRESSES AND DISPLACEMENTS

It is seen from equations (5) and (7) that the evaluation of the displacements and stresses
does not warrant an explicit expression of the thermo-elastic potential Qfr, z) with respect
torand z.

First of all, equations {6) and (11) may be combined to eliminate T{r, z}:

8Q  1f1+v\ ® e

E=i(m')°‘£ Als) e Jo(rs)da, 2> 0, (21)
from which

0 1l+v r’ s

ki 27 (r: 20, 22

A 2(1_va , Als)e™%J (rs)ds, z=0 (22)

is obtained. The arbitrary function of integration may be set to zero, since Q/dr must vanish
in the limit as z —» oo. Equation (22) may be integrated with respect to z giving

- (?rdzzi

a0 I{1+v *1
( “)a f CA(s)le g (rs)ds,  z =0, (23)
]‘“v o S
Having determined the temperature field T(r, z) or A(s) for various prescribed thermal
conditions, it is clear that the quantities

0w o
oz’ or’ ., or ete.

appearing in equations (5) and (7) can be calculated in a straightforward manner.

It is now more pertinent to find the unknown harmonic function éf/éz from the remain-
ing mechanical boundary conditions in equations {9). A quick glance at equations (7) reveals
that on the plane z = 0, 7,, vanishes automatically and the remaining two conditions in
equations (9) require that

i}
—f =0, O0gsr<1
0z
2f 11y (24)
é—ziz —’—2‘(1”‘))& (r,O), r>1
where
af o

= —= - {, z = 0.
z’ 0z* as *
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Taking into account the axisymmetric nature of the thermal loading, df/0z may be repre-
sented by the Hankel integral

of * 1 e
== ~B(s)e ™% J ofrs) ds, z2 0. (25)
oz o S

By virtue of equations (24), the function B(s) has to be found from the pair of simultaneous
equations

“1
f ;B(S)JO(FS) ds = 0, O0<r<l
’ (26)

w 1+

J- Bis)Jofrs)ds = —{ ——|aT{r}, r<l

0 24l —v
in which T(r) represents the axisymmetric temperature variation prescribed on the plane
z = 0. Lowengruband Sneddon [8] and others have shown that the satisfaction of equations

(26) can be achieved by expressing B(s) in terms of the function

_ (I +vio 1 nT(n) dy
Ylt) = (1-v)n . Jr= 27)
through an integral of the form
B(s} = sf (1) cosist) dt. 28)
1

With a knowledge of B(s), the problem of determining the displacements and stresses in
the elastic solid is reduced to quadrature.

For the purpose of finding the displacements on the crack surfaces, it may be shown
that for z = 0

"o de
=y T (29)
0, 0<r<l1
and
® © nt)ydt
lj/(t)df— 7 i r>1

drr F (=t =r?) () d, O<r<l.
1

Hence, equations (23), (29) and (30) may be substituted into equation (5) and the resulting
expression for the displacement on the crack plane are

1{1+v * 1 I o () de
u(r,O):—2~ T:—-v)ozfo EA(S)Jl(rs)ds«i-(l-—2\);|:fl Y(tyde— ) %m], r>1

(31

T p(de

Sy Tt

wir,0) = —2(1-v)



Thermal stresses in a solid weakened by an external circular crack 359

Similarly, the displacements u and w for points inside the circular region of unit radius
can be found:

1+v

u(r,0) = ( ’f —A(s)J (rs)ds+(1 —2v)— f [1—tt2—r?) () d 0<r<l
(32)

w(r,0) = 0, 0<r«<l

The functions A(s) and y(¢) in the above expressions are defined by equations (15) and (27),
respectively.

Of particular interest is the stress component ¢, from which the crack-border stress—
intensity factor formula may be extracted. This factor has been known to control the
instability behavior of cracks in the theory of brittle fracture [5]. To this end, equations (6),
{25) and (28) are substituted into the third of equations (7) and hence for z = 0 o, becomes

o.(r,0) = 2,11{ fo ) |:s f ” () cos(st) dt:|J0(rs) ds—i(i +v) T(r)}

Therefore, it is not difficult to show that

)d
az(r,O)z-—Zu[ T \/IZ_: l(ii:) T(r)], o<r<l (33

and o,(r,0) = O for r > 1. Notice that only the leading term in equation (33) contributes
to the singular behavior of o,, while the other two expressions are bounded as r — 1.
Thus, by letting e = 1 —r and ¢ — 0, g, becomes

2uwp(1)

o,(r,0) = — \/(28)

where terms of order higher than ¢~ * have been dropped. The coefficient of 1 /\/ (2¢),say k.
is the crack—border stress—intensity factor for the opening mode of crack extension, i.e.

1+V)2ﬂ © nT(n)dn (34)

ky = —2uy(1) = —(l—v ) m

By the same procedure, the other stress components may also be expressed in terms of
T(r), the prescribed temperature distribution on the crack.

EXTERNAL CRACK AROUND INSULATED CIRCULAR REGION

To fix ideas, the displacements and stresses on the plane z = 0 corresponding to
the temperature distribution discussed earlier may be expressed explicitly in terms of
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T(ry = Tyg(r). Appropriate elimination of A(s) and ¥(1) in equations (31) and (32) gives the

displacement field.
(1~ J(1—r?) \’}f(’l +2(1—v)f [ ““th;é‘j}
® ngly) dn]
[ N/ R dt, 0<r«l
ulr, 0) = (1__2)@__@ o o= (35)

o ngpdn ngln) dy
N ”{f af T

—nf '?g(??)d’?] r>1

and
0, 0<r<l
2(1 +v)aT,

n "I (* ngn)dn dt
L[ 1 \/(ﬂz“tz)]\/(rl—tz), >

Equation (27) may be combined with equation (33) to put the normal stress component
in the form

w(r,0) = — (36)

* ngln)dn.
0<r<l
.0 = Py s VD 7
0, r>1

where E is Young’s modulus of elasticity. In deriving equation (37), it is interesting to note
that the two non-singular terms in equation (33) cancelled each other.

Let g(r) in equations (35) to (37) be given by equations (17) and (19). The calculation of
u, w and ¢, involves a considerable amount of detailed work which will be omitted. The
final results are:

(1) Step function
In this case, the displacement component in the radial direction is

a2 1)}
v\/(az—l)(l——\/(l—rz)-%(lwv)az{:sm 1(“ . )

a
r? a?—1\?
—|1—-=]sin"? , 0gr<l1
e = L

v\/(az—l)+(1—v)az[g(g)zmsm“‘(é)], I<r<a (38)

1+viaT,
1—v| nr

u(r,0) = (

2 _)2.*,a2-1*
v/(@*—1)+(1—v)a?sin e IR r>a
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and the normal displacement component is given by

0, O0<r<1

[E( ) f) __E(f, al)], l<r<a (39)
2 a

arn a (12 an a
R R o R L o i o e

in which E(r/a, «;) and K(a/r, a;) are the incomplete elliptic integrals of the second and
first kind, respectively, where

201 +v)ou T,

~ | R
=

w(r,0) = —

.41 n . 41 s
o, = sin 1(;), 0<a1<5 and a, = sin ‘(5), 0<0t2<§

When o, or a, — n/2, E and K become the complete elliptic integrals. The normal stress
component is

EaT, L [@r-1, os<r<i
0,(r,0) = — [ (40)
o= 1
and it follows that
EoT, , ,
= - -1). 41
ki =~ g @ =D (1)

(2) Radial decay
If the temperature on the crack varies in accordance with equation (19), then forn > 2

14w aToI(n/2)—4]
ur, 0) = 5(1 - v) J@rT(n/2)
1—\/(1—r2)+(1+v)|:n~i§—r2_"B,z(g—1,%):', 0<sr<1 (42
2At-y) . JWIW)
2 " eonal ] r>1

and forn > 1
o +v)ocTOI"[(n/2)—%]J0, 0<r<1

90 =
w0 2mTwD) B 1-m2), et 8
For g(r) = r""and n > 1, equation (37) reduces to
IMn/2)—1%
N
0) = — O (1 —p2y-% 44
0= —a570 o, rs 4
Therefore, the k,-factor is obtained:
E L
_ aTOF[(n/2) 2:] n> 1 (45)

YT 20— v /(mT(m2)
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To recapitulate, the stress-intensity factors given in equations (41) and (45) can be
associated with the forces which motivate and produce crack extension owing to thermal
disturbances. The critical values of k, for a particular material can usually be measured
experimentally. Moreover, if the material undergoes plastic yielding at the crack border,
where the thermal stresses are exceedingly high, there will be a localized zone of plasticity
surrounding the periphery of the crack. The size of this plastic zone for an external penny-
shaped crack will be estimated in the next section.

THERMAL PLASTIC ZONE SIZE

An ideal elastic—-plastic model for the plane extension problem of a straight crack in a
thin sheet has been proposed by Dugdale [6]. This model will be adopted to estimate the
extent of plastic yielding at the edge of an external circular crack. The material near the
crack is assumed to flow after yielding at a constant tensile stress g, and the plastic zone is
confined to a thin layer of width w around the uncracked portion of the plane z = 0. The
parameter o will be determined from the finiteness condition of o, at the leading edge of the
plastic zone.

Mathematically, the solid may be assumed to deform elastically under the action of
thermal loading together with a mechanical compressive stress, —¢,, distributed over the
surface of a ring of inner radius r = 1 and outer radius r = 1+ . For this problem, ¢, can
be obtained by superimposing the solution of Lowengrub and Sneddon [7] onto that of
equation (37). The normal stress component for the combined thermal and mechanical
problem is

- Mo _ [ net)dn "’1“)] E [* ¢(ndr
) * -0 0<sr<l1
o (r.0) = J“_’Z)[ (I-wrnl), J0*—2) 1+v ]| 1+v), J(E2—r?) ’(46)
—plr),  r>1
where
_ L[ e de
¢1(t) = ), \/(62—12)’
and

plr)y = +egoH(l+w—r).

Since o, ts to be bounded at r = 1, the singular terms in equation (46) must be removed by
taking

o | 8tmdn v Ep(d) de
o), Y=y T\t ), ey

Setting 2u(1 + v) = E and performing the integration with respect to ¢ lead to the equation

g
EaT, f %g(—f)_v”z = +2(1 —v)goy/ [0 +2)], (47)
1 \,(’7 r )

for evaluating the plastic zone size w. For illustration, formulas for w are worked out for
the two previously mentioned examples.
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(1) If g(r) = H(1+ f—r), then equation (47) may be integrated and solved for w:
o = —1+[1+B(B+2y* % 48)
The quantity

EaT,

) = +_—"
! 2A1=v)qe

may be interpreted as the ratio of the applied thermal stress to the yield stress of the material
4o, and f in equation (48) is the width of the region heated by the constant temperature Tj,.
A plot of @ vs. y for various values of f are shown in Fig. 1. The curves are similar in trend
to that found by Dugdale [6] for the two-dimensional problem of an isothermal crack.

8.0

6.0

4.0

NORMALIZED PLASTIC ZONE WIDTH, w

2.0

0 0.2 0.4 0.6 0.8 1.0
STRESS RATIO, y

F1G. 1. Widths of plastic zone for constant heating.

(2) For g(r) = r~" with n > 1, the plastic zone size is found to be
[ Tl(n2)—17]12)¢
w= —1+ 142y 2722 24
{ 1 4[/ I'(n/2) ’ (49)

whose variations with vy for different values of n are plotted in Fig. 2. As to be expected, the
size of the plastic zone increases as the temperature Ty is raised.
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o o o
H [+2] @

NORMALIZED PLASTIC ZONE SIZE, w
o
N

o 0.2 0.4 06 0.8 1.0

STRESS RATIO, ¥y
F1G. 2. Widths of plastic zone for temperature decaying radially.

DISPLACEMENTS NORMAL TO CRACK SURFACES

At the leading edge of the external circular crack, the tangent to the normal displace-
ment w(r, 0) coincides with the uncracked portion of the plane z = 0. In other words, the
surfaces of the crack close smoothly as predicted in the Barenblatt model [10]. This may be
verified for the two examples discussed earlier.

(1) Step function
From equation (39) and equations (4.7) and (5.4) in [7], it is found that

; 2 r = r
= — 1 Y —_— E —_— ] - ——
W(rso) 7[( +\){ (X(1+B)To[ (1+ﬂ,2) E(l‘f’ﬁ’al):l
Hence, as r — 1 the result

]}, l<r<a
(ﬁw) 2(1+v)
z=0

v 40 rr
+2(1 x)(1+w)E[E(1+w,2

,
—E[——,
(1+co %t

=) = W[Z(l—v)qo\/{a)(w+2)}—EaTO\/{B(ﬁ+2)}]+

is obtained. The quantity between the brackets vanish by virtue of equation (48) which

determines the size of the plastic zone. This implies that the crack surfaces close smoothly.

(2) Radial decay
Similarly, using equation (43) in conjunction with equations (4.7) and (5.4) in [7] lead to

ow _ 14y [4d-v) _ aTF((n/2)—3)
(57)z=o—r\/(r2—1)[ o5 Vie+2)] Jal(n2)

Because of equation (49), the above expression vanishes in the limit as r — 1.
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PLASTIC ENERGY DISSIPATION

The plastic energy dissipation around the leading edge of the external crack may be
calculated by assuming the radius of the uncracked portion of the solid (z = 0,0 < r < 1)
decrease slowly under a constant value of y. This decrease in the radius is accompanied by
a small change Aw in the width of plastic zone w such that

Aa)_w
AR R

The quantity R is the radius of the uncracked portion of the solid which has been taken to be
unity in the present analysis.
By neglecting terms of order higher than the first in dR the plastic dissipation is given by

6_W) 2nr dr
z=0

r=R+w

%de= QOJ

r=R

JOR

Now, the displacement w(r, 0) can be expressed in terms of R and the above integral may be
calculated in a straightforward manner to yield the rate of energy dissipation per unit area
of the new surface of the external crack.

CONCLUDING REMARKS

The linear thermoelastic problem of an elastic solid containing an external penny-
shaped crack has been formulated and solved. The temperature and/or heat flux can be
applied either symmetrically or antisymmetrically with respect to the plane in which the
crack occupies. The solution offers the possibility of a theory of brittle fracture for crack
propagation caused by heating. This can be verified by experimentally measuring the
critical values of the stress—intensity factors as proposed earlier.

The obtained displacement field also permits an evaluation of the plastic energy
dissipation for cracking induced by thermal stresses.
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APPENDIX

Temperature fields pertaining to thermal boundary conditions not covered in the text
will be presented below.
Cuase A. Instead of applying temperature to the crack, heat flux may be specified on the
flat surfaces r > 1 and z = 0. The distribution of temperature that satisfies the set of
conditions

oT 0, 0<r<l
a_ (50)
’z Qr), r> 1
is given by
T(r,z) = — J |:f nQn)J olsn) d’7:| "= olrs) ds, z20 (51)
0 1

Consider two special cases of Q(r):
(1) Suppose that Q(r) = Q,H{(a—r), where @, is a constant. Then equation (51) may be
simplified to integrals of the Lipschitz—Hankel type

T(r,z) = Qof Sl[Jl(s)—aJl(as)] e *?Jy(rs)ds, a>1 (52)
0

Such integrals have been evaluated and tabulated numerically in [9].
(2) In the case, when Q(r) = Qor~ " with n > 1, the temperature field is

T(rh2) = —Qp f " Ly, sye = o(rs) ds (53)
0
where
Iyins) = f;’ Ersa s, >
For z = 0, it may be shown that

t
1 —3F,(3.3,n/2- -3 L1509, OD<r<l,; n>1
—-n
T(r,0) = Q, (54)

(2 )[3 2(2 2 —”/Zé1s1§1/72)—’”2_n3F2(%,%’1""/2§1»2—'1/2;1)],

r>1; l<n<?2

where , F,(a, b c; x)isthe generalized hypergeometric function. The second of equations (54)
is valid only for values of n between 1 and 2 and hence it is somewhat limited in application.
For other values of n, equation (53) may be used.

Case B. Another possible case is when the uncracked region 0 < r < | and z = 0 is per-
mitted to conduct heat such that

0, O0<r<l
= (55)

Toh(r), r>1
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and thus

o8}

T(r,z) =T, f

0

f i nh(nJ o(sn) dn]s e “Jo(rs)ds, z>=0 (56)
1

(1) For h(r) = H(a—r), equation (56) is expressible in terms of the Lipschitz—Hankel
type of integrals

o0

T(r,z) = Tol:a on e *2J (as)J o(rs) ds— f

e I () o(rs) ds], z20 (57)
0 0

which are evaluated in [9].
(2) If h(r) = r~"and n > 1, the temperature field becomes

o]

T(r,z) = Tof [nl,(m, s)—J(s)] e **J(rs)ds, z

0

\Y%
=

(58)

where

Ii(m,s) = f e (s de.
1
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AocrpakT—Pematorca 3a0a4n JMHEHHOH TEPMOYNPYIOCTH IS TONEH TEPMHUMECKHX HANpPsOKEHUlt U
nepeMeleHHit B YNpyroM OeckoHEYHOM Tesie, oCnabjeHHBIM IJIOCKOCTBIO pa3peiBa WIH TPELLHHOIM,
3aHMMaLOLLEH TIPOCTPAHCTBO BHE KPYIJIoi ob6nactu. ITOBEPXHOCTH TPELUMHBI HArPeTbl HEKOTOPOH YAEPKH-
BalOLLIEKCST TeMOEPATYPOH MJIH HEKOTOPbIM 3aJaHHBIM TMOTOKOM Temja, KOTOPOrO BeJMYHHA pacrpene-
JieHus1 yMeHbliaeTcs B OeckoHeuHocTH. Ofpaluaercs cnenuajbHOe BHUMAHHE Ha Cnyvaid, KOraa Xpyrias
006J1aCTh, OKPYXeHa BHELIHEH TPeLUHOM, H30JIMPOBAHHA OT MOTOKA Tellia. PelleHne 320241 TEPMHYECKHUX
HAlpPsOKEHUA MOXHO CBA3aTh C 3ajayeif, KOTOpas NPHHUMAET COOTBETCTBYIOLUME CHJIbI CLEIUIEHUN Ha
MOBEPXHOCTAX TPCLWMHBI M TaKUM oOpasom patolleif 3JIEMEHTBI IJIA pacluupedus rumo3sl [diorgama xa
TEPMHUYECKH HanpsiKeHHbIE TEJa, coAeparollue TpelldHbl. Boree meTtanbHO, pe3yabTraThl 3TOrO AHANH3A
JA10T BO3MOXHOCTL OLEHHUTH NpPENEsbl MIACTUYECKOH 30HBI M AUCCUNAUMH IUTACTHYECKOH 3IHEpruHu, nJis
BHEILHHUX, KPYIJIBIX TPEWMH. 3aMeTKa 3TOro poJa Io3BaJISET NOHATB MEXaHHKY MOMEHTA Pa3pyllUeHUs B
MJIACTHYECKUX MaTepHaiax.



